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Abstract

We present a mathematical model describing the dynamics of CO2

gas transport in the alveolar sacs of the human lung, during the mech-
anism of inspiration and expiration that includes the gases exchange
with the cardiovascular system. To deal with the domain movement,
we use Arbitrary Lagrangian Eulerian (ALE) framework and equal-
order finite elements in combination with pressure-stabilization tech-
niques based on local projections. The model shows that the energy
dissipation depends on geometrical deformation of alveolar sac and
physical properties of the fluid.
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1. Introduction

We are interested in a model for describing the dynamics of carbon
dioxide (CO2) gas transport in the alveolar sac of the human lung. The
gas transport in the lung was studied using one-dimensional mathematical
model proposed by Scherer et al. [1], showing the stratification of gas for
each respiration in the 24 generations of the lung, this model used a trum-
pet anatomical model of the lung proposed by Weibel [2], those generations
represents a bifurcation of the bronchial tree, starting from trachea (0th ) to
terminal bronchioles (23rd ); the alveolus appeared from 16th generation to
23rd, in this zone the gases exchange take place and the wall deformation is
produced as a consequence of inspiration and expiration mechanism.
Considering the ideal gas conditions in the alveolus, such as instantaneous
homogeneity for the gas in a respiration, Engel and Paiva [4, 3] developed
a mathematical model [6, 5]. After that, Swan et al. [7], and Federspiel et
al. [8], analyzed the dispersion in the alveolar ducts, using the Navier-Stokes
equation and convection-diffusion equation for the gas transport; that re-
search was made on the rigid domain, but during the respiration of alveolar
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sacs is moved according to inspiration or expiration process.
In this article, we considered a moving domain for the simulation of the gas
exchange and transport in the alveolar sac, especially the CO2 alveolar distri-
bution. The principal assumptions considered for this analysis were the gas
exchange in the alveolar zone, because it is a principal source of CO2 from
blood circulation to alveolar; the fluid flow in the alveolar sac is governed by
the incompressible Navier-Stoke equation and the transport equation for the
CO2 gas, those equations on the moving domain were transformed to the
Arbitrary Lagrangian-Eulerian coordinate [10, 9, 11], such that by a map
the moving domain was defined in a fixed domain.
The simulation for the changes in the inspiration and expiration condi-
tion, we used the Neumann and Dirichlet condition respectively, and using
Nitsche’s method those conditions were incorporated in the variation formu-
lation. For discretization, we use equal-order finite elements in combination
with a pressure stabilization technique, Local Projection Stabilization (LPS)
method [12], the code was implemented in Gascoigne3D [13]. The article
was structured by: the section 2, we showed the equations for the fluid and
gas transport, with their initial and boundary conditions. In Section 3, we
transformed the weak system equations of the Eulerian coordinate to Ar-
bitrary Lagrangian-Eulerian coordinates, furthermore an analysis of weak
solution in ALE coordinate of the system equation. In section 4, we intro-
duce a finite element discretization and describe the pressure stabilization
techniques, especially on moving domains. We present numerical results
in Section 5, where we study alveolar sacs in the distal zones. Finally, we
conclude in Section 6.

2. Mathematical model

The respiration consist in inhale and exhaled of air, in some research the
room air could be replace by a mix of tracer gases as example Argon (Ar),
Helium (He) and Sulfur Hexafluoride (SF6) or pure oxygen [15, 14, 16]. In
this model we consider room air, the fluid transports gases such as oxygen
(O2) and carbon dioxide (CO2); each gas is governed by a transport equation
with the physic characteristics, the system equations is described by:

2.1. Equation for the fluid flow

The assumptions considered for the analysis of the fluid is that partial
pressure outside (room air) and inside of the lung is practically constant
(for example the Nitrogen), and moreover the temperature in the lung is



constant, it follow us considered as an incompressible fluid as:
ρ∂tu+ ρ(u · ∇)u− divσ = 0 , in Ω(t),

div(u) = 0 , in Ω(t),
u = V dom , in Γbl ∪ Γw,
ση = 0 , in Γio,

(1)

where: Ω(t) is the domain representing the alveolar sac geometry, this do-
main changes as a function of time, V dom (velocity of moving domain).
The boundary has three different parts such that: Γbl is the part for gas
exchange between alveolar gas and the blood flow; Γw is the wall there is
not exchange and Γio is the boundary where the inflow and outflow take
place as a consequence of inhalation and exhalation.(see figure 1 )
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Figure 1 - Geometry of alveolar sac.

For the incompressible fluid, the Cauchy tensor was

σ = ρν∇u− pI; (2)

This is used in the system 1, where ρ is the fluid density, u velocity and p
pressure.
In the model, we considered outside of the alveolar sac as approximate value
Caucha et al. [17] and the boundary Γio such that do-nothing condition
[18]. We considered the inflow and outflow velocity is known for Γio (by
experiment), such that the moving domain was considered as a variable.

2.2. Transport equation



As the CO2 is moved from Γbl to Γio, we consider the convection-diffusion
equation to simulated the transport of this gas, such that:

∂tC + u · ∇C −D∆C = 0 , in Ω(t)
∂ηC − αb(Cb − C) = 0 , in Γbl

∂ηC = 0 , in Γw.
(3)

In the boundary Γio, we have the conditions for inflow and outflow CO2

gas concentration such as:{
C = Cext , if v · η < 0
∂ηC = 0 , if v · η > 0

in Γio, (4)

where, C is the CO2 gas concentration in the alveolar sac, Cext is the bound-
ary condition Γio for inhalation, Cb gas concentration in the pulmonary
blood flow and u fluid velocity, αb constant of the gas solubility in the
blood.
The Dirichlet condition (inhalation) and Neumann condition (exhalation)
in the boundary Γio were include weakly in the variation formulation using
Nitsche’s method [19] such that:

∂ηC − γh−2H(v · η)(Cext − C) = 0, in Γio, (5)

where γ is a parameter (dimensionless), moreover h → 0 and H is the unit
step function

H(x) =

{
1 , x > 0
0 , x ≤ 0.

(6)

The initial condition for the velocity and concentration were u(., 0) = vo,
and C(., 0) = Co.

3. Weak formulation of the system equations

Considering the equation system for the fluid flow (1) and multiplied

by a vectorial test function φ ∈
(
C∞0 (0, t; Ω)

)2
, and a scalar test function

ψ ∈ C∞0 (0, t; Ω); then integrating in Ω(t); such that the equation is weak-
ened in the sense of distributions; We have the weak variational formulation
of the model for the dynamic of fluid and CO2 gas transport in Eulerian
coordinate as :
Find u ∈ V dom + V, p ∈ L, C ∈ H such that




(ρ∂tu+ ρ(u · ∇)u, φ) + (σ,∇φ) = 0, ∀φ ∈ V

(divu, ξ) = 0, ∀ξ ∈ L
(∂tC + u · ∇C,ψ) + (D∇C,∇ψ)− (α(Cb − C), ψ)Γbl

−
(γh−2H(u · η)(Cext − C), ψ)Γio = 0 , ∀ψ ∈ H.

(7)

Where V =
(
C∞0 (Ω(t); ∂Ω\Γbl∪Γw)

‖.‖
H1
0

)2
, L = C∞0 (Ω(t))

‖.‖L2
, H =

C∞0 (Ω(t))
‖.‖H1

, and the initial conditions u(., 0) = uo, C(., 0) = Co.

3.1. Arbitrary Lagrangian-Eulerian (ALE) method for moving
domain

In order to observe the effect of movement of domain in the fluid dynamic,
we introduced a reference domain fixed Ω̂ ⊂ R2, and the map T̂ (t) : Ω̂o →
Ω(t).
Utilizing this map to transform the equations system (1) to reference domain
and define velocity, pressure and gas concentration in the reference system,
such variables of interest are

v̂(x̂, t) = v(T̂ (x̂, t), t), p̂(x̂, t) = p(T̂ (x̂, t), t), ∀x̂ ∈ Ω̂o.

Considering the map T̂ a C1-diffeomorphism ; we transform the system
equation on Ω̂o using v̂, ρ̂ and Ĉ as principal variables. This method is
called Arbitrary Lagrangian- Eulerian [20], such that it allow made an anal-
ysis Eulerian- Lagrangian in a fixed domain; this is an advantage for the
numerical approximation.
Considering Ω(t) as the domain that represent the Eulerian movement of
the fluid as a consequence of inflation and deflation of the alveolar sac by
the respiratory cycle, and Ω̂o the reference system that represent the rest, it
is dependent of the respiratory cycle started could be Functional Residual
Capacity (FRC) or Residual Volume (RV) of the lung. Furthermore, we
add an arbitrary fixed domain Ŵ such that Ω̂o = Ŵ without considering
some physical meaning. Considering Ŵ fixed in the time, there is exist
an invertible map T̂w(t) : Ŵ → Ω(t) with gradient F̂w := ∇T̂w and Jaco-
bian Ĵw = det(F̂w), which Fw and Jw have the properties of deformation
of Lagrangian gradient , the Lagrangian particle x̂ ∈ Ω̂0, the Eulerian path
x(x̂, t) ∈ Ω(t) and x̂w ∈ Ŵ with T̂w(x̂w, t) = x = T̂ (x̂, t); we must consider
the difference between the velocity ∂tT̂w ( velocity of movement of the ref-
erence system) and the physic velocity V̂ [23, 21, 22].
Transformed the systems equation (1) to ALE coordinate, such that the
variables of interest are v̂, p̂ and Ĉ, we have:



Find v̂ ∈ V̂(Ω̂), p̂ ∈ L̂(Ω̂) and Ĉ ∈ H such that
ρ(Ĵ(∂tv̂ + F̂−1(v̂ − ∂tT̂ ) · ∇̂)v̂, φ̂)Ω̂ + (Ĵ σ̂F̂−T , ∇̂φ̂)Ω̂ = 0, ∀φ̂ ∈ V̂

(d̂iv(Ĵ F̂−1v̂), ξ̂)Ω̂ = 0, ∀ξ̂ ∈ L̂(
Ĵ(∂tĈ + (F̂−1(v̂ − ∂tT̂ ) · ∇̂)Ĉ), ψ̂

)
+
(
DĴF̂−T ∇̂Ĉ, ∇̂ψ̂

)
−(

α(cb − Ĉ), ψ̂
)

Γ̂bl
+
(
γh−2H(v̂ · η)(cext − Ĉ), ψ̂

)
Γio

= 0, ∀ψ̂ ∈ X̂ ,
(8)

where the domain Ω̂ is fixed and the test spaces are defined as

V̂Ω̂ :=
(
C∞0 (Ω̂, ∂Ω̂\Γ̂bl∪Γ̂w

)
‖.‖

H1
0
)2
, L̂Ω̂ = C∞0 (Ω̂)

‖.‖L2

, X̂ = C∞0 (Ω̂)
‖.‖H1

.
(9)

The Cauchy tensor in the reference domain is

σ̂ := −P̂ I + ρν(∇̂v̂F̂−1). (10)

3.2. Weak solution in ALE coordinates for the Fluid

Taking a Navier-Stokes equations in ALE coordinate (8), we have the
definition 1.

Definition 1. We say that v̂ is a weak solution of the system (8), if satisfy
the following formulation

ρ(Ĵ(∂tv̂+(F̂−1(v̂−∂tT̂ )·∇̂)v̂, φ̂)L̂2(Ω̂)+(Ĵρν(∇̂v̂F̂−1), ∇̂φ̂)L̂2(Ω̂) = 0, ∀ φ̂ ∈ V̂

in sense of distribution in (0, T ); such that∫ T

0
ρ(Ĵ(∂tv̂ + (F̂−1(v̂ − ∂tT̂ ) · ∇̂)v̂, φ̂)L̂2ψ dt+

∫ T

0
(Ĵρν(∇̂v̂F̂−1), ∇̂φ̂)L̂2ψ dt = 0,

∀ψ ∈ C∞0 (0, T ;R).

Utilizing the condition of the function of free divergence [24], the ALE
system (8) is equivalent to

ρ(Ĵ(∂tv̂+(F̂−1(v̂−∂tT̂ )·∇̂)v̂, φ̂)+(Ĵρν(∇̂v̂F̂−1), ∇̂φ̂) = 0, ∀ φ̂ ∈ V̂. (11)

3.2.1. Energy equation for the fluid

As H1
0(Ω̂) ↪→ L̂2(Ω̂) is dense and continuous, we considered a base of

L̂2(Ω̂) formed by elements of H1
0(Ω̂) and use the Galerkin’s method. So,



given {ŵi}∞i=1 bases of L̂2(Ω̂), with ŵi ∈ H1
0(Ω̂). Considering the finite di-

mension subspace V̂m and the element as lineal combination of the elements
wi following

ûm =

m∑
j=1

αj(t)ŵj (12)

such that αj(t) are the scalar function and depend of the time t.

Considering φ̂m = ûm and replacing in the equation (11), then ordering
terms we have the energy equation such that:

1

2
ρĴ∂t(ûm, ûm)L̂2+(Ĵρν(∇̂ûmF̂−1), ∇̂ûm)L̂2+Ĵρ(F̂−1(ûm−∂tT̂ )·∇̂)ûm, ûm) = 0,

(13)
it gives us a priori estimates for weak solution; using Stoke’s theorem [25],
and ordering terms (see details on Caucha et al.[26]), we have that

1

2
∂t‖ûm‖2L̂2(Ω̂)

+ν‖F̂−1‖L∞ |∇̂ûm‖2L̂2(Ω̂)
+

1

2
‖F̂−1‖L∞

∫
Ω̂
|ûm|2div(∂tT̂ ) dx̂ ≤ 0

(14)
applying the Poincaré’s inequality to the equation (14), we have that

1

2
∂t‖ûm‖2L̂2(Ω̂)

+λν‖F̂−1‖L∞‖ûm‖2L̂2(Ω̂)
+

1

2
‖F̂−1‖L∞

∫
Ω̂
|ûm|2div(∂tT̂ ) dx̂ ≤ 0

(15)
furthermore T̂ is a C1-diffeomorphism , then energy equation is

∂t‖ûm‖2L̂2(Ω̂)
+ (2λν‖F̂−1‖L∞ + ‖F̂−1‖L∞‖div(∂tT̂ )‖L̂∞(Ω̂)

)
‖ûm‖2L̂2(Ω̂)

≤ 0,

applying the Grönwall’s lemma, we have that

‖ûm‖2L̂2(Ω̂)
≤ ‖ûm(0)‖2L̂2(Ω̂)

exp
(
−
(
2λν‖F̂−1‖L∞+‖F̂−1‖L∞‖div(∂tT̂ )‖L̂∞

)
t
)
.

(16)
From (16) follow the Galerkin approximation ûm exist globally in the time;
that is Tm =∞. Additionally, we observe that the dissipation of the initial
energy is a function of the viscosity and domain deformation. Furthermore,
we have that

{um} is bounded in L̂∞(0, T ; L̂2(Ω̂)). (17)



Integrating from 0 to T the equation (16), we have∫ T

0

1

2
∂t‖ûm‖2L̂2(Ω̂)

ds+

∫ T

0

ν‖F̂−1‖L∞ |∇̂ûm‖2L̂2(Ω̂)
ds+∫ T

0

(1

2
‖F̂−1‖L∞

∫
Ω̂

|ûm|2div(∂tT̂ ) dx̂
)
ds ≤ 0

1

2
‖ûm‖2L̂2(Ω̂)

− 1

2
‖ûm(0)‖2L̂2(Ω̂)

+

∫ T

0

ν‖F̂−1‖L∞ |∇̂ûm‖2L̂2(Ω̂)
ds+∫ T

0

(1

2
‖F̂−1‖L∞

∫
Ω̂

|ûm|2div(∂tT̂ ) dx̂
)
ds ≤ 0∫ T

0

ν‖F̂−1‖L∞ |∇̂ûm‖2L̂2 ds+

∫ T

0

(1

2
‖F̂−1‖L∞

∫
Ω̂

|ûm|2div(∂tT̂ ) dx̂
)
ds ≤ 1

2
‖ûm(0)‖2L̂2∫ T

0

ν‖F̂−1‖L∞ |∇̂ûm‖2L̂2 ds ≤
1

2
‖ûm(0)‖2L̂2

∫ T

0

|∇̂ûm‖2L̂2(Ω̂)
ds ≤ 1

2ν‖F̂−1‖L∞
‖ûm(0)‖2L̂2(Ω̂)

(18)

we have that
{ûm} is bounded in L̂2(0, T ;H1

0 (Ω̂)), (19)

Now, from (17), (19), exist û, such that ûm
∗
⇀ û in L̂∞(0, T ; L̂2(Ω̂)

and ûm ⇀ u in L̂2(0, T ;H1
0(Ω̂)), respectively.

3.3. Weak solution in ALE coordinates for the gas transport

For the system (8), we made an analysis of existence and uniqueness of the
weak solution for gas concentration in the same way that for velocity.
For gas concentration Ĉ. Utilizing the result for the velocity, those help us to make
the estimates for transport equation.

Definition 2. We say that Ĉ is a weak solution for the system (8) if it satisfy the
next weak formulation

(Ĵ(∂tĈ + (F̂−1(v̂ − ∂tT ) · ∇̂)C), ψ̂) + (DĴF̂−T ∇̂Ĉ, ∇̂ψ̂)− (α(cb − Ĉ), ψ̂)Γbl
+

(ρh−2H(v · η)(Cext − Ĉ), ψ̂) = 0, ∀ ψ̂ ∈ X̂ ,

in the sense of distribution in (0, T ), such that∫ T

0

(Ĵ(∂tĈ + (F̂−1(v̂ − ∂tT ) · ∇̂)C), ψ̂)φdt+

∫ T

0

(DĴF̂−T ∇̂Ĉ, ∇̂ψ̂)φdt−∫ T

0

(α(cb − Ĉ), ψ̂)Γbl
φdt+

∫ T

0

(ρh−2H(v · η)(Cext − Ĉ), ψ̂)φdt = 0,

∀φ ∈ C∞0 (0, T ;R).



From the equation in the ALE coordinates, we have

(Ĵ(∂tĈ + (F̂−1(v̂ − ∂tT ) · ∇̂)C), ψ̂) + (DĴF̂−T ∇̂Ĉ, ∇̂ψ̂)−

(α(cb − Ĉ), ψ̂)Γbl
+ (ρh−2H(v · η)(Cext − Ĉ), ψ̂) = 0; (20)

given the Faedo-Galerkin’s approximation for the equation (20) with spaces Vm =
span{ŵ1, ŵ2, · · · , ŵm}, ŵi ∈ H1(Ω̂) and Vm ⊂ L̂2, we have

Ĉm =

m∑
j=1

αj(t)ŵj , Ĉm ∈ Vm (21)

where αj(t) are a scalar function depending on the time. Replacing Ĉ by Ĉm,

taking ψ̂ as an approximation in space Vm.

3.3.1. Energy equation for the gas concentration

Replacing ψ̂ by Ĉm in the equation (21), we have

Ĵ(∂tĈm, Ĉm) + (DĴF̂−T ∇̂Ĉm, ∇̂Ĉm) + Ĵ(F̂−1(v̂ − ∂tT̂ ) · ∇̂)Ĉm, Ĉm)−
〈αb(cb − Ĉm), Ĉm〉H−1/2(Γbl) + 〈γh−2H(Cext − Ĉm), Ĉm〉H−1/2(Γio) = 0;

(22)

with this equation, we be able to make the estimates a priori, those give us a weak
solution defined in (2).
Using Stoke’s theorem, Poincaré, Hölder and Young inequalities (for detail see
Caucha et al. [26]) and taking the terms a : =

(
|D|Ĵ‖F̂−T ‖L̂∞ − (αb + |γh−2H|)

)
and b : =

(
C(αb, cb)+ |γh−2Hcext|

)
and θ =

(
−λ a

Ĵ
+‖F̂−1‖L̂∞‖div(∂tT̂ )‖L̂∞

)
and

~ = b2

Ĵa
, we have that

‖Ĉm‖2L̂2 ≤ ‖Ĉm(0)‖exp(−θt) +
~
θ
.

We see that Ĉm is uniform limited in L̂∞(0, T ; L̂2(Ω̂)), as it is not depend of m and
t, then we say that

Ĉm
∗
⇀ Ĉ in L̂∞(0, T ; L̂2(Ω̂)). (23)

Now, integrating the inequality

1

2
Ĵ∂t‖Ĉm‖2 − λ

a

2
‖∇̂Ĉm‖2 +

1

2
Ĵ‖F̂−1‖L̂∞‖Ĉm‖2L̂2‖div(∂tT̂ )‖L̂∞ ≤

b2

2a

from 0 to T , we have∫ T

0

‖∇̂Ĉm‖2L̂2 dt ≤
2

|λa|

[
Ĵ‖Ĉm(0)‖2L̂2 +

b2

2a
T

]
then, Ĉm is limited in L̂2(0, T ;H1(Ω̂)) , for each T , then

Ĉm ⇀ Ĉ in L̂2(0, T ;H1(Ω̂)). (24)



4. Finite Element discretization and pressure stabilization

We use Q1 equal-order elements for velocity, pressure and gas concentration
on a triangulation Ωh. As the discrete inf-sup condition is violated, we have to
add certain stability terms to guarantee the well- posedness of the fluid equations.
we use the Local Projection Stabilization method (LPS) by Becker & Braack [12].
The first approach has been studied in detail for flow problems on anisotropic
domains [27]. We introduce the stabilization terms on the moving domains Ω(t)
first and transform the terms to the reference frame taking care of the anisotropies.
Assuming that the reference grid consists of Cartesian quadrilaterals T with edge
sizes ĥx and ĥy. The cells might be arbitrarily anisotropic, however. We remark
that this assumption is not necessary in general, but serves only to simplify the
derivation of the stabilization.
We assume that the mesh Ωh has a patch-hierarchy in the sense, that always four
adjacent quads arise from refinement of one common patch element. We denote the
mesh of patch elements by Ω2h.

4.1. Local Projection Stabilization

On a Cartesian mesh, the Local Projection Stabilization method adds the sta-
bilization term

SLPS(ph, ξh) = αLPS

∑
P∈Ω2h

(h2
xκh∂xph, κh∂xξh)P + (h2

yκh∂yph, κh∂yξh)P

to the divergence equation. Here, we use the projection operator κh = id− i2h and
i2h denotes the linear interpolation from Ωh to Ω2h (cf. [27]). For the case of more
general meshes, the stabilization term might be defined in terms of two coordinate
directions η1, η2

ScLPS(ph, ξh) = αLPS

∑
P∈Ω2h

2∑
i=1

(h2
iκh∂ηiph, κh∂ηiξh)P ,

where ∂ηi = ηi · ∇ denotes the directional derivative and hi is the cell size in
direction ηi.
We make use of this formulation by setting

η̃1 := F̂

(
ĥ1

0

)
, η̃2 := F̂

(
0

ĥ2

)
, ηi =

η̃i
‖η̃i‖

=
η̃i
hi
.

where ĥi is the length in horizontal and vertical direction of the Cartesian grid on
the reference domain. Note that F and thus ηi are in general not constant within
a cell and that the resulting vectors η1, η2 are only orthogonal in the case that the
ALE map is a translation or rotation. As long as the ALE map does not degenerate,
the two vectors will be linearly independent, such that stability in any coordinate
direction is ensured. With these definitions, it holds that

h1∂η1ph = h1η1 · ∇ph = F̂

(
ĥ1

0

)
· F̂−T ∇̂p̂h = ĥ1∂̂1p̂h.



By the same argumentation, we can show h2∂η2ph = ĥ1∂̂1p̂h as well as the same
results for the test functions ξh. Altogether, this yields

SLPS(ph, ξh) = αLPS

∑
P∈Ω2h

2∑
i=1

(h2
iκh∂ηiph, κh∂ηiξh)P

= αLPS

∑
P∈Ω2h

2∑
i=1

(
Ĵ ĥ2

iκh∂̂ip̂h, κh∂̂iξ̂h

)
P̂
,

where the determinant Ĵ appears due to integral transformation. As this stabi-
lization is equivalent to the LPS stabilization technique proposed by Braack &
Richter [27] for anisotropic grids, stability and convergence estimates follow imme-
diately from their result on the current system.
All our calculations will be done using the finite element library Gascoigne 3d [13].
For time discretization, we use the backward Euler time-stepping with δt = 0.1.

5. Numerical results

Considering the alveolar sac in the last generations (23rd generation), the pa-
rameters are: D = 17mm2/s [1, 16], α = 0.057mlCO2/(100ml bloodmmHg) CO2

solubility in the blood [28], cbl = 0.06 equilibrium of the CO2 concentration in the
blood [29] and cext = 0.04302 (average of CO2 concentration in the 22 generation
at the end of exhalation).
We describe the following horizontal domain movement and keep the movement in
the y-component constant.

x(t) = T1(x̂) = x̂(1− 0.09 cos(0.4πt)), y(t) = ŷ.

This means that the domain at time t = 0 is compressed by 9% compared to the
reference domain. At time t = 2.5s, the domain is maximally stressed and is by a
factor of 1.09 bigger compared to the reference domain. The movement is periodic
with period t = 5s.
The figure 2 shows the two different flow in the alveolar sac when the wall ∂Ω is
moving, for a normal and forced maneuver. This movement makes that the pressure
changed and as a consequence permit that the gas flow enter by Γio.
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Figure 2 - Different flow rate for a normal and forced maneuver.

Figure 3 - Inflow for a normal maneuver.



Figure 4 - CO2 concentrations for a normal maneuver.
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Figure 5 -CO2 concentration and flow rate in the alveolar sac (normal maneuver).
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Figure 6 -CO2 concentration and flow rate in the alveolar sac (fast maneuver).

The figure 3 shows the distributions for inflow in the alveolar sac at t = 1.25s.
Those curves were taken in line straight down the middle in the alveolar sac.
In the figure 4 show the gas transportation from the blood to the alveolar sac, we
can see the dilution of carbon dioxide as a consequence of the gas inhaled.
Making the curve in line straight down the middle in the alveolar sac for the CO2

concentrations, we can see the carbon dioxide stratification, that curve changes
depending of the maneuver, see on right side in the figures (5 and 6). Those values
increase as a consequence of the gas exchange with blood CO2 concentration of
0.065;

6. Conclusion

The analysis of weak solution for the model of the dynamics of gases exchange
in Arbitrary Lagrangian-Eulerian coordinate showed that the dissipation of energy
for the fluid that transports of gases is a function of the properties of fluid and the
velocity of domain deformation of the alveolar sac. Furthermore, the dissipation
for the concentration of carbon dioxide, it does not depend on fluid velocity as a
consequence of incompressible fluid; the finite element method with equal-order el-
ement and local projection stabilization permitted to simulated the change of CO2

concentrations in the alveolar sac, it will help to study the dynamic of gas in dif-
ferent part of the lungs.

Future work: Analysis of dynamics of gases considering fluid-structure interac-
tion, and analysis of dynamics in lung pathologies.
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