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Abstract

Given a list 〈x1, . . . , xN 〉, with x1, . . . , xN ∈ {1, . . . ,M}, the prob-
lem of element distinctness consists in deciding if the list contains at
least two repeated elements. We can generalize this problem into el-
ement k-distinctness, deciding whether a given list contains at least
k repeated elements. Ambainis reduced the problem of element k-
distinctness to finding a marked vertex on a Johnson graph, and then
introduced an algorithm based on a quantum walk which finds the
marked vertex with O(Nk/k+1) queries and O(r(logN+logM)) qubits
of memory, where r = bNk/k+1c. This process was later generalized
by Szegedy into a quantum walk model on bipartite graphs, leading
to the formulation of other important algorithms. Recently, Portugal
et al. introduced the staggered quantum walk, a novel quantum walk
model which includes Szegedy’s model as a particular case. In this
work, we reformulate the algorithm for element k-distinctness using
the staggered model. Our new quantum algorithm finds the marked
vertex with the same query complexity of Ambainis’ algorithm while
reducing the memory requirements to O(r logN) qubits of memory.

Keywords: quantum computing, quantum walks, staggered model, el-

ement distinctness, graph theory.

1. Introduction

Quantum walks have been successfully applied to the development of
quantum algorithms for problems such as triangle finding [1], collision [2] and
quantum search [3, 4]. A remarkable result using this technique is Ambainis’
algorithm for element distinctness [5], which performs a quantum search for
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a marked vertex on a Johnson graph. This problem consists in deciding
whether in a given list 〈x0, x1, · · · , xN−1〉, with elements in {1, 2, . . . ,M},
there are indices i, j ∈ [N ], such that i 6= j and xi = xj , where [N ] is a set of
indices. We can generalize this problem into element k-distinctness, deciding
if there are k different indices i1, · · · , ik ∈ [N ], such that xi1 = · · · = xik .

Ambainis’ algorithm for element k-distinctness requires only O(Nk/k+1)
queries to an oracle. The best possible classical algorithm requires O(N)
queries. Aaronson and Shi [6] proved that the lower bound for the collision
problem is O(N2/3), showing that Ambainis’ algorithm is optimal when
k = 2. In this case, one can also use Szegedy’s walk [7] on a Johnson
graph in order to detect the collision using an even smaller Hilbert space of
size

(
N
r

)
[8]. However, this algorithm just detects if there are one or more

collisions, without showing them. An advantage of this method is that we
only need one algorithm to detect both single and multiple 2-collisions in the
list, while Ambainis’ solution requires two algorithms. Belovs [9] presents
an algorithm based on Learning Graphs to solve the k-distinctness problem
using only O(N1−2k−2/(2k−1)) queries, which is more efficient than Ambainis’
algorithm.

Szegedy’s quantum walk was inspired by Ambainis’ algorithm for ele-
ment distinctness. In his quantum walk model, a bipartite graph is used
to define the evolution operator as a composition of two unitary reflexive
operators [7]. Recently, Portugal et al. introduced the staggered quantum
walk model [10], which includes the Szegedy’s model as a particular case—
they proved that any instance of Szegedy’s quantum walk is an instance of
a staggered quantum walk, although the converse is not true.

In this paper, we present a new approach for the element k-distinctness
problem by using the staggered quantum walk model. Our algorithm uses
the same number of queries as Ambainis’ original proposal, with the advan-
tage of requiring less memory. Current technologies for the construction of
quantum hardware still imposes several restrictions on the number of avail-
able qubits, hence the importance of improving the required memory for
quantum algorithms.

The paper is structured as follows. In Sec. 2, we review the problem of
graph tessellation and present a brief review of the staggered quantum walk
model. In Sec. 3, we describe our new algorithm, and prove its correctness
and complexity. Finally, in Sec. 4, we present our closing remarks.

2. Tessellations on Graphs and Staggered Quantum Walks

Before we present the staggered model, we must define the concept of



graph tessellation. In Fig. 1, we give examples.

Definition 1. Let C = {c1, . . . , cN} be a set of pairwise disjoint cliques
of Γ. If the union of the cliques of C cover all vertices of Γ, we say that C
is a tessellation of a graph Γ. In the context of the staggered quantum walk
model, we call each clique in C a cluster.

(a) (b) (c)

Figure 1: Three different tessellations on the same graph. Each tessellation is
a set of pairwise disjoint cliques in the graph. Notice that in each tessellation,
every vertex is covered by a cluster.

Definition 2. Let C1, C2, ..., CT be tessellations of Γ. We say that Γ is T -
tessellable if {C1, C2, ..., CT } is a smallest family of tessellations in Γ such
that C1 ∪ C2 ∪ ... ∪ CT covers all vertices and all edges of Γ.

In Fig. 2 we present the union of the tessellations from the previous
example. Notice that if we remove any of these tessellations the graph will
not be fully covered. Therefore, the union of these sets of disjoint cliques is
the smallest family of tessellations in this graph.

In the staggered model, given a graph Γ with N vertices, we must define
two or more tessellations. Clusters of different tessellations necessarily have
at least one vertex in common, and each cluster defines a unit vector |ϕ〉 in

Figure 2: An example of a 3-tessellable graph. If we remove any tessellation,
the graph will not be fully covered.



Hilbert space HN . Each tessellation defines a unitary orthogonal reflexive
operator as

Ui = 2

(
mi−1∑
k=0

|ϕk〉〈ϕk|

)
− I, (1)

where mi is the number of clusters in tessellation Ci, and

|ϕk〉 =
∑
j

ψi,j |j〉, (2)

where ψi,j are nonzero complex amplitudes of the unit vector that represents
a cluster in Γ, and index j runs over the vertices of the cluster. The operators
generated by the tessellations give the evolution operator that should be
applied to the state vector in order to perform the quantum walk.

Portugal proved that every quantum walk in Szegedy’s model can be cast
into a staggered quantum walk with two tessellations, and with overlapping
clusters having only one vertex in common [11]. He also proved that when
two overlapping clusters have only one vertex in common in a 2-tessellable
graph, we can cast the staggered quantum walk into Szegedy’s model.

3. Quantum Algorithm for Element Distinctness

Suppose we have a set of indices [N ] = {0, 1, ..., N − 1}, representing
the elements in a given list. Let r = bNk/k+1c, where k is the number of
collisions in the input list. In our approach, we have a subset S ⊆ [N ]
with size r and an element y ∈ [N ]\S. For each S we have N − r values y
associated. From here, we consider the graph Γ has the properties of Def. 3
and the its tessellations are constructed by Def. 4.

Definition 3. We define a graph Γ with
(
N
r

)
(N − r) vertices. A vertex v

corresponds to (S, y). There is an edge between two vertices v and v′, for
v = (S, y) and v′ = (S′, y′), if and only if (i) S′ = S and y 6= y′, or (ii)
S′ = S ∪ {y}\{y′}.

Definition 4. We can define two tessellations in graph Γ. The first tessel-
lation, called α-tessellation, is defined by clusters that cover cliques, where
for every pair of vertices (v, v′) such that v = (S, y) and v′ = (S′, y′), we
have S = S′ and y 6= y′. The second tessellation, called β-tessellation, is
defined by clusters that cover cliques, where for every pair of vertices (v, v′),
such that v = (S, y) and v′ = (S′, y′), we have S′ = S ∪ {y}\{y′}.

In Fig. 3, we have a graph in staggered model generated from the set of
indices [N ] = {0, 1, 2, 3}, i.e., for N = 4 and r = 2, with k = 2.



Figure 3: Graph Γ generated from [N ] = {0, 1, 2, 3}, where k = 2, N = 4
and r = 2. We have α-tessellation in red and β-tessellation in blue.

We shall prove that, in the graph Γ from Definitions 3 and 4, the in-
tercession of two clusters of different tessellations always has at most one
vertex.

Proposition 1. A graph Γ constructed from Def. 3 and Def. 4 always has
at most one vertex in intercession of two clusters αi and βj of different
tessellations α and β, respectively.

Proof. Suppose for a contradiction that Γ has at least two vertices, v and
v′, in an intercession of two clusters, called αi in α-tessellation and βj in
β-tessellation.

Thus, v and v′ have the same neighborhood both in α-tessellation and
in β-tessellation. Let define v = (S, y) and v′ = (S′, y′). By Def. 3 and
Def. 4, if v and v′ are in the same cluster αi, those vertices are in the same
tessellation α, so we have (i) S = S′. By Def. 4, we also have that if v and
v′ are in the same cluster βi, then those vertices are in the same tessellation
β, so we also have (ii) S′ = S ∪ {y}\y′ or S = S′ ∪ {y′}\y, leading us to a
contradiction with (i).

Now, let us define the reflexive operators associated with each tessella-
tion. Consider S as an unitary quantum state |S〉, and y as unitary quantum
state |y〉. We have vertices v = |S〉|y〉. The evolution operator is defined by

U = U1U0, (3)



where U0 and U1 are orthogonal reflexive operators for α and β tessellations,
respectively, and

U0 = 2

[ (Nr )−1∑
i=0

(
1

N − r
|Si, y〉〈Si, y|+

∑
y′ 6=y
y′ /∈S

1

N − r
|Si, y′〉〈Si, y′|

)]
− I, (4)

and

U1 = 2

[ (Nr )−1∑
i=0

(
1

r + 1
|Si, y〉〈Si, y|+ +

∑
y′ 6=y
y′∈S

1

r + 1
|S′i, y′〉〈S′i, y′|

)]
− I, (5)

where |S′i〉 = |Si ∪ {y}\{y′}〉.
We have the Hilbert space H, with dimension

(
N
r

)
(N − r) and the basis

states of this space are |S, y〉. Thus, our algorithm uses a Hilbert space

of size O
((

N
r

)
(N − r)

)
, therefore requiring O(r logN) qubits of memory,

instead of O(r(logN + logM)) qubits needed by Ambainis’ algorithm [5].
It is convenient at this point to comment each step of our algorithm with

a high-level description. The formal description is given in Algorithm 1. For
simplicity, let us consider our walker in just one vertex vS of graph Γ. We
can verify if this vertex is marked just by querying all xi, i ∈ S. Let v′S be a
neighbor of vS , by Def. 3 either v′S and vS have the same S and different y,
or they differ just by one index j in S. Thus, we only need to query for this
xj in each move. In one step we can verify if this current vertex is marked
and move the walker to an adjacent vertex.

The first step of Algorithm 1 generates a uniform superposition of all
vertices of graph Γ. Then, we apply the phase-flip in marked vertices and,
finally, we apply the orthogonal reflexive operator U = U1U0 to perform a
step of the quantum walk.

In the following propositions, we shall demonstrate that a quantum walk
in our graph is equivalent to a quantum walk in a bipartite graph using
Szegedy’s model, and that Algorithm 1 yields the same output states as
Ambainis’ algorithm [5].

Proposition 2. [10] Any instance of the staggered model with two tessella-
tions which has only one vertex in common in each cluster intersection can
be cast into the extended version of Szegedy’s framework.

Proposition 3. The initial state of Algorithm 1 and the initial state of
Ambainis’ algorithm [5] are equivalent.



Algorithm 1: Element k-Distinctness Algorithm (single solution)

1. Generate the uniform superposition

1√(
N
r

)
(N − r)

∑
|S|=r,y /∈S

|S, y〉.

2. t1 = O((N/r)k/2) times repeat:

(i) Apply the conditional phase flip (|S, y〉 → −|S, y〉), such that
xi1 = ... = xik for i1 6= ... 6= ik, and i1, ..., ik ∈ S.

(ii) t2 = O(
√
r) times repeat: Apply U according to Eq. (3).

3. Measure the final state. Check if S contains a k-collision.

Proof. In both Algorithm 1 and in Ambainis’ proposal, the first step gen-
erates a uniform superposition of all basis states of the space H, i.e., all
vertices become in superposition for the initial state of the quantum walk.
In both algorithms, for the same initials conditions, we have the same set S
and the same y value, because they are both generated by the same process,
and thus both algorithms have the same initial state.

Proposition 4. The evolution operator U = U1U0 and the steps of the
quantum walk present in Ambainis’ algorithm [5] are equivalent.

Proof. If we develop each step of the quantum walk present in Ambainis’
algorithm [5], we find that all steps can be summarized as the unitary op-
erator

UA =

(Nr )−1∑
i=0

[(
− 1 +

2

N − r

)(
− 1 +

2

r + 1

)
|Si〉|y〉〈y|〈Si|+

+

(
− 1 +

2

N − r

)(
2

r + 1

) ∑
y′ /∈Si,y′ 6=y

|Si ∪ {y}\{y′}〉|y′〉〈y′|〈Si ∪ {y}\{y′}|+

+

(
2

N − r

)(
2

r + 1

) ∑
y′ /∈Si,y′ 6=y

∑
y′′∈Si,y′′ 6=y′

|Si∪{y′}\{y′′}〉|y′′〉〈y′′|〈Si∪{y′}\{y′′}|+



+

(
2

N − r

)(
− 1 +

2

r + 1

) ∑
y′∈Si,y′ 6=y

|Si〉|y′〉〈y′|〈Si|

]
. (6)

The same operator is also obtained by the composition of operators U0 and
U1 from our algorithm, described by Eqs. (4) and (5). Therefore, the steps
in both algorithms are equivalent.

Proposition 5. A graph Γ constructed by Def. 3 can be cast into a bipartite
Johnson graph in Szegedy’s model to Ambainis’ algorithm.

Proof. From Prop. 2 follows that a staggered walk on graph Γ can be cast
into a Szegedy’s walk on a bipartite graph ΓS(α, β). Let us show that
ΓS(α, β) meets the properties of a graph for Ambainis’ algorithm, i.e., that
the number of vertices in ΓS(α, β) is

(
N
r

)
+
(

N
r+1

)
. Each maximal clique in

Γ becomes a vertex v in ΓS(α, β) such that:

(i) v ∈ α-partition if and only if the clique corresponding to v is in the
α-tessellation. Hence, v will be labeled with the set S;

(ii) v ∈ β-partition if and only if the clique corresponding to v is in the
β-tessellation. Hence, v will be labeled with the set (S ∪{y}), because
every vertex in this tessellation has the same set (S ∪ {y}).

We have an edge between two vertices v in α-partition and v′ in β-partition
if and only if the label S in v is a subset of the label (S ∪ {y}) in v′. As
we have

(
N
r

)
possible values for S, we have (i) in α-partition

(
N
r

)
vertices,

while (ii) in β-partition we have
(

N
r+1

)
since the size of the set (S ∪ {y}) is

r + 1, and we have N index values in our list. Hence, we have
(
N
r

)
+
(

N
r+1

)
vertices in ΓS(α, β).

Theorem 1. Algorithm 1 needs O(Nk/(k+1)) steps to find a k-collision or
to reject if it do not exist.

Proof. By Prop. 5, we can cast a staggered walk on Γ into a Szegedy’s walk
on ΓS(α, β), and this graph is compatible with Ambainis’ algorithm. From
Prop. 3, we have that in both cases the initial state |S, y〉 is the same, and
from Prop. 4, we have that U = UA, i.e., both evolution operators are
equivalent. Hence, U t|S, y〉 = U t

A|S, y〉, for all t.
Thus, since Ambainis’ algorithm for Element Distinctness needsO(Nk/(k+1))

steps, Algorithm 1 also needs the same.



Ambainis also proposed an algorithm to solve the problem of multiple
k-distinctness [5]. Recall that this problem consists in finding if in a given
list there is any element which repeats itself at least k times. To solve
this problem, Ambainis’ algorithm performs some classical steps, calling
his previous quantum algorithm for single k-distinctness as a subroutine.
This method can be applied with the staggered algorithm introduced in this
paper. We may keep the classical steps as in Ambainis’ algorithm, just
replacing the quantum subroutine by our Algorithm 1.

4. Conclusion

In this paper, we introduced a new quantum algorithm to the problem
of element distinctness, by using a recent quantum walk model known as
staggered quantum walk [10, 11]. The evolution operator in the staggered
model is constructed from graph tesselations. We defined a graph Γ based
on the input list, and showed how to cover that graph with only two tes-
sellations. Then, we proved that a staggered walk on graph Γ is equivalent
to a Szegedy’s walk [7] on the bipartite Johnson graph which appears in
Ambainis’ algorithm [5]. We also showed that in both cases we have equiv-
alent initial states and evolution operators. These results combined proves
the correctness and complexity of our algorithm. We proved that, for the
element k-distinctness problem, our new algorithm needs just O(r logN)
qubits of memory, instead of the O(r(logN +logM)) qubits needed by Am-
bainis’ algorithm. The query complexity is O(Nk/k+1) queries, the same as
in Ambainis’ algorithm.

The reduction of the required memory is an important advantage in the
design of quantum algorithm nowadays, specially considering that quantum
memory is still very limited in the current technology of quantum hardware.

In future works, we intend to apply the same technique used in this paper
in order to rewrite other algorithms based on Szegedy’s quantum walks,
recasting them into the staggered model. Some interesting candidates are
the algorithm for triangle finding [1] and for subset finding [12]. We are also
interested is finding staggered algorithms that cannot be cast into Szegedy’s
model.
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