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Abstract

The World Health Organization points cardiac diseases as a major
cause of death in the world. There are many computational models for
helping the diagnosis and treatment of cardiac conditions. Implement-
ing them as simulation processes may increase the power of clinical
understanding of particular dysfunctions. In this sense, it is required
to optimize and parallelize such computational models, focusing on real
time and interactive responses. This models are mathematical repre-
sentations of ionic currents in cardiac tissue and can use from two up
to hundreds of variables and parameters to represent the current at a
given time. Even for low complexity models with small number of state
variables, numerical simulations, depending on the domain size, can
take several minutes or even hours. Therefore, in this work we present
a survey of most relevant approaches that are focused on heterogeneous
computation using both CPU and GPU to accelerate such simulations.
We present an analysis of each application in the present heterogeneous
computation scenery, discussing the important features of each one and
the challenges that remain open. GPUs are low cost/maintainability
devices that can deliver high throughput. This makes them as great
tools to make cardiac electrophysiology simulations faster enough to
clinical use.
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lel cardiac dynamics simulations.

1. Introduction

According the World Health Organization, cardiac diseases and dysfunc-
tions are one of the main causes of death nowadays. Many models that simu-
late cardiac dynamics can be found in the literature. They helps to simulate
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cardiac conditions and its response to some kind of treatment. Although,
depending on the level of details represented by the model, this simulations
can spend several hours to run in a single CPU [15].

In this paper we will present a review of five different published works
that aim to accelerate cardiac electrical dynamic simulations through par-
allel computing in GPUs. In §2 we present a brief overview of the math-
ematical equations used to model the cardiac electrical dynamics. In §3
we summarize each one of the 5 reviewed works, highlighting their key fea-
tures concerning their GPU implementations. In §4 we discuss the different
strategies adopted by the authors to achieve faster parallel simulations on a
GPU. In §5 we conclude and try to point some directions to future works.

2. Cardiac Electrophysiology Models

In this survey we will discuss accelerated simulations of cardiac electro-
dynamics. This kind of simulation are performed by solving a differential
equation that describes the time evolution of the voltage across the cell mem-
brane, called the voltage or membrane potential V, along with one or more
other variables. The differential that describe cardiac electrical dynamics is
called reaction-diffusion equation and has the following form:

∂V

∂t
= ∇ ·D∇V − Iion

Cm
. (1)

The first term on the right side represents the diffusion term, where
D is a diffusion tensor. The second term on the right side represents the
reaction component, where Iion represents the total current across the cell
membrane and Cm the constant cell membrane capacitance. The diffusion
tensor D describes how cells are coupled together and may contains some
information about tissue architecture like the local fiber orientation. The
information contained in D affects the electrical wave propagation and it is
important to determine the wave velocity in the tissue.

The reaction term are compound by a nonlinear system of ordinary dif-
ferential equations of the form

dy

dt
= F(y, V (y, t), t) , (2)

but its exact form depends on the level of complexity of the electrophysiology
model. For each additional variable y, F(y, V, t) is a nonlinear function.
Clayton & Panfilov gives a good review about cardiac electrical activity
modelling in [8].



3. GPU Accelerated Cardiac Simulations

Bartocci et al., in [1], made a study with CUDA implementations of 5
two-dimensional (2D) cardiac electrophysiology models with different com-
plexities (two-variable Karma model [10], four-variable Bueno-Orovio-Cherry-
Fenton model [4], eight-variable Beeler-Reuter model [2], 19-variable ten
Tusscher-Panfilov model [19], 67-variable Iyer-Mazhari-Winslow model [9]).
They try different approaches to accelerate the computation of reaction and
diffusion terms of the reaction-diffusion equation (Equation 1). For the reac-
tion term computation, they use look-up tables stored in texture memory for
tabulating some nonlinear functions of one variable. Then they substitute
the divisions that do not involve any variables by equivalent multiplications
and implement the Heaviside function with a multiplication instead of an
if statement. To compute the diffusion term the domain grid are split
in small grids that are assigned to different thread blocks. However, the
computation of the diffusion term with a numerical method can demand
some neighborhood knowledge. In one approach the authors store all nec-
essary data needed by a thread block in the shared memory, but to do so,
the block will use extra threads designed only to load neighbour data from
global memory into shared memory. In a second approach, the authors ac-
cess the domain grid in texture memory. According their results this second
approach gives better results, but it are limited to single precision. When
compare the shared memory approach with single and double precision, the
double precision simulation was about two or three times slower than the
corresponding single precision simulation. They also find that for models
with 4, 8, and 19 variables, the simulation time scales linearly with the num-
ber of variables. For models with 2 and 4 variables and a 2D domain grid
with 218 points the simulation runs in time scales close to real-time. All
experiments are executed in a GPU NVIDIA Tesla C2070.

In [15] Rocha et al. (2011) implement and evaluate 2D simulations of
cardiac electrical dynamics in a GPU using two different cell models: the
Luo-Rudy cell model and the ten Tusscher-Panfilov cell model. The simu-
lations performances were evaluated in a GPU NVIDIA GTX 280. In their
GPU implementation a single kernel is launched to solve the reaction term
and another kernel to solve the diffusion term (see Section 2). Both kernels
were launched with 256 threads per block in all experiments. For the simu-
lations, all model variables were stored in a linear memory structure. Their
one-dimensional (1D) array of variables have M ∗Neq positions where M is
the number of cells in the domain and Neq is the number of equations, or



state variables, in the model. According with the author, by using this strat-
egy they avoid extra memory transactions between CPU and GPU and were
able to reduce the non-coalescing memory access. To make a discrete repre-
sentation of the domain, the author use the finite element method (FEM).
They evaluated the performance of the simulations when storing arrays at
two different data structures: the compressed sparse row (CSR) and the
ELLPACK format [18]. ELLPACK uses two matrices to store data, being
each one stored in memory as a 1D array in a column-major order. The so-
lution of the diffusion term in Equation 1 involves to solve a linear system.
The authors use the preconditioned conjugate gradient method (PCG) to
solve the linear system, and to accelerate all matrix vector multiplications
involved (y = Ax). Besides that, they used texture cache to access the vec-
tors x during the multiplication. The authors implementation in GPU takes
500 msec for simulating a FEM discretization with 410,881 nodes, 409,600
elements and 3,690,241 non-zero entries in the sparse matrix: 648.78 sec,
using Luo-Rudy cell model; 8394.53 sec, using ten Tusscher-Panfilov cell
model.

In [13], Nimmaggada et al. describes a three-dimensional (3D) car-
diac electrical dynamics simulations with GPUs. The authors use the ten
Tusscher-Panfilov cell model. They test three searching strategies for a bet-
ter occupancy of the GPU. The first strategy uses 4 kernels to calculate a
single time step of the numerical method; The second uses 5 kernels and the
third uses 6 kernels. The authors points that the third solution had better
performance. They evaluate the performance with different blocks configu-
rations, finding that 68 threads per block yields the best result. They also
use a linearization form of the domain grid points to store all necessary data
in GPU global memory. By using this linear array as their data structure
instead of a 3D array they intend to reduce non-coalescent access of the
memory by enabling threads within the same warp access neighbour data in
memory. They also implement a multi-GPU solver for the reaction-diffusion
equation 1. When using multi-GPUs the inter-GPU data dependency poses
a major issue, since splitting the domain creates boundaries that must be
shared among different GPUs. To address this dependency, the authors
evaluated various data sharing techniques. They choose to copy only the
boundary cells back to the CPU after each Jacobi iteration. Then the CPU
update voltage in each boundary cell and transfer it back to their respec-
tive GPUs. The authors results points that the solution of diffusion term
in equation 1 is the most expensive part taking 62% of the execution time.
Their GPU/CUDA implementation in a single GPU NVIDIA Tesla C1060
takes 6800 seconds to simulate 350 msec of real time. The multi-GPU im-



plementations takes, with 4 Tesla C1060, 1850 seconds to simulate the same
350 msec in a domain with 224 cells.

Xia et al. discuss, in [20], parallel strategies and their achieved perfor-
mances when applied to process a cardiac electrical dynamics simulation on a
GPU. They strategy is based on the monodomain 3D sheep atrial model [5].
The authors use approaches to reduce and optimize memory access patterns,
in order to optmize this bottleneck. Their first step consists on analyzing
the model, searching for variables and parameters that need not be stored
in memory. They find that 40 variables need to be stores in memory and
other 20 variables can be calculated in each time step. Their second step
consists on storing all variables in a series of 1D arrays to reduce/eliminate
non-coalescent memory accesses. However, due to the electrical heterogene-
ity of cells, some of them could represent empty caves and they will not
participate in the computation. This can cause some waste of resources
with one or more threads in a warp that stays idle. According with the
authors, they solve this issue indexing threads in such way that no thread
will try to access data in a position of an empty cell. The author also states
that thread structure per thread block is different in the solution of reaction
and diffusion terms of Equation 1. To solve the reaction term they use a
1D thread structure per block, while to solve the diffusion term they use a
3D thread structure. According with the authors, the 3D thread structure
in diffusion term solution is more convenient because the computation of
a cell is related to 26 adjacent cells. Is this case, a mapping table from 1
dimension to 3 dimensions needs to be constructed. With all this strate-
gies, their GPU implementation takes 1, 687 sec to simulate 0.6 sec in a grid
with approximately 7M points. The simulations were performed in GPU
NVIDIDA K40.

Campos et. al present in [6] an implementation of the lattice Boltz-
mann method [7, 3] (LBM) for simulating cardiac electrical activity in a
3D discrete domain. They implemented the method for CPU and GPU. In
both implementations they used a sparse data structure [3] to make more
efficient memory utilization when dealing with irregular geometries. They
stored each group of homogeneous points in a different 1D array and create
an additional data structure (connectivity matrix) to store the list of all
positions, within each one of the 1D arrays, of its neighboring points. The
numerical solution of the system of ODEs was performed using the Rush-
Larsen method [17]. With the optimizations, their GPU implementation
achieved speedups between 230 and 480 for simulations. The authors evalu-
ated simulations using three cell models with different levels of complexity:
the Luo-Rudy model, the ten Tusscher-Panfilov model and the Mahajan-



Shiferaw model [11]. Depending of the complexity of the cell model and the
number of points in the domain the GPU code takes from 3 to 1520 seconds
to simulate 1s of electrical activity of the heart. For a regular domain grid
with 2243 nodes and using thread blocks with 256 threads and single preci-
sion, the simulation with the Luo-Rudy model takes 519 sec, while with the
ten Tusscher-Panfilov model takes 1, 520 sec. For a irregular (anisotropic)
domain grid with 3, 760, 560 nodes, the Mahajan-Shiferaw model takes 635
sec. All simulations were performed in a GPU NVIDIA Tesla M2050.

4. Discussion

The main target of the presented works are related to achieving com-
putation high performance using efficient GPU implementation. Table 1
synthesizes the main results, remarking relevant characteristics of similar
experiments conduced by the authors in their papers.

Author Bartocci et al. Rocha et al. Nimmagadda et al. Xia et al. Campos et al.

Ref [1] [15] [13] [20] [6]

Cell model tTP tTP tTP
3D Sheep

tTP
atria model

Num. of state
19 19 19 40 19

variables

Num. of points
4, 194, 304 3, 690, 241 16, 777, 216 7, 048, 812 11, 239, 424

in the domain

precision single single not informed double single

Real-time
1.00 sec 0.50 sec 0.35 sec 0.60 sec 1.00 sec

simulated

Time spent in ∼ 500 sec 8, 395 sec 1, 850 sec 1, 687 sec 1, 520 sec
the simulation

GPU
Tesla C2070 GTX 280 Tesla C1060 K40 Tesla M2050

(NVIDIA)

Num. of GPUs
1 1 4 1 1

used in simulation

Table 1 - Efficiency comparison of most similar experiments presented in the literature
The model tTP is the ten Tusscher-Panfilov cell model. It was adopted in almost all

implementations, except in [20] that used a sheep atria model described in [5].

Models capable to explore all resources of the GPU can be hard to
achieve. Two important challenges in GPU programming are improvements



on efficient memory access and thread distribution. They are key factors to
fully exploit the computational power of a GPU [14].

GPUs have a memory hierarchical composed by main memory, two levels
of cache, shared and texture memories. They present different storage ca-
pacity, lifetime, scope and latency. The memory pattern access and correct
use of memory hierarchical affect the performance of CUDA application.
We summarize the characteristics of memories in according to: i) Global
Memory or DRAM, which is the slowest memory and with lifetime de-
fined by CPU which is responsible for its management. It resides off chip
and all threads can access any position of global memory. Global memory
can storage few bytes or many gigabytes relying on its model. ii) Cache
L2 is shared by all GPU processors, having a smaller latency and size than
the global memory. It is also off chip and its lifetime is given by processing
kernels. After ending up a kernel, the Cache L2 data are lost. iii) Shared
memory has access time close to cores register, it is on-chip and its lifetime
is given by elapsed time to processing a block on SM. Shared memory pro-
vides a communication way among threads of the same block. iv) Cache
L1 is only used by constant memory and Texture memory in the newer
architectures. The former works with a low latency and allows all threads
to read data in this memory. This memory is cached and its lifetime is
the same of Cache L2. Texture memory has the scope and lifetime similar
to the global memory, but with smaller latency due its read only pattern.
However, GPUs constrain the size of allocated the texture memory, being
more commont to be used at the graphic context.

As the global memory takes several machine cycles to transfer data to
the SMs, the works presented in this survey try to deal with this problem
with some kind of linear memory structure. The linear format was chosen
because allows threads within the same warp process data stored in adja-
cent positions on global memory, enabling the hardware to coalesce groups
of reads or writes of multiple data items into one operation. This approach
reduces the number of memory operations allowing better performances, as
demonstrated by [20]. However, data structures at the global memory level
are not the only memory optimization evaluated; [1] demonstrate that by
using different memory hierarchies it is also possible to improve the perfor-
mance.

Another major aspect to achieve high performance with GPUs are the
thread/block structure. A carefully planed thread/block structure can avoid
thread divergence and optimize GPU occupancy hiding memory transactions
latency by switching between warps performing computational tasks and
warps performing memory operations. [1] propose an specific thread/block



structure to solve the adjacent cells data dependency when computing the
diffusion term solution. [6] and [20] show how their implementations per-
forms with different number of threads per block.

As all the authors agree, the high number of state variables and param-
eters that need to be computed at each time step in a cardiac electrical
dynamics simulation pose a great challenge when developing a parallel sim-
ulator to GPU. We see that in general the authors follow the path of using
some 1D arrays to store data in GPU global memory. Some of them ([1]
and [16]) use texture memory to make their simulations faster. Indeed, the
intelligent usage of GPU memory hierarchy can enable achieve higher per-
formances. As a reference, Mei et al. published, in [12], a nice benchmark
analysis of GPU memory hierarchies that can helps future works.

Another relevant issue, as address by [1] and [20], is the data dependency
of adjacent cells when computing the numerical solution of the diffusion
term. For example, in [1] to update a cell the numerical method demands
data from another 4 adjacent cells. This data dependency elevates the num-
ber of memory operations and it is a major source of non-coalescent memory
access and thread divergence. [1] try to reduce this last two problems by
launching extra threads per block exclusively to read data from block neigh-
bor cells. This solution can reduce the divergence problem, but without
a proper memory structure the non-coalescent memory access problem re-
mains.

5. Conclusion

All the works presented here try to optimize memory access to make their
simulation faster. The cited authors try 1D arrays to make threads within
the same warp process data storage in adjacent memory positions. However,
this should fail to threads in the block edge when solving the diffusion term.
We believe that a data structure that store all data needed by a thread
block in adjacent positions combined with a carefully planed thread index
make possible avoid non-coalesced memory access, thread divergence and
resources waste, when process cells in block edge. Also, some improvements
in the new GPU architecture can help to accelerate global memory access.
According NVIDIA, the 3D memory in Pascal GPUs have higher throughput
and efficiency, letting more quick access to memory.

We hope this survey can help future developers to improve and invest
some effort in the task of accelerate cardiac dynamics simulations toward
real time. This is an important field that can help physicians and researchers
to better understand cardiac diseases and develop efficient treatments.
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